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EXCEPTIONAL SEQUENCES OVER PATH ALGEBRAS OF
TYPE An AND NON-CROSSING SPANNING TREES
TOKUJI ARAYA
Abstract. Exceptional sequences are fundamental to investigate the derived
categories of finite dimensional algebras. The aim of this note is to classify all
the complete exceptional sequences over the path algebra of a Dynkin quiver
of type An in terms of non-crossing spanning trees.
1. Introduction
The concept of exceptional sequences was introduced by Gorodentsev and
Rudakov [10] to study exceptional vector bundles on P2. Exceptional sequences
are certain variation of tilting objects and useful to study the structure of derived
categories. They have effectively been applied to study the derived categories of
algebraic varieties by many authors (e.g. [4], [19]). Also exceptional sequences were
studied for the path algebras of acyclic quivers by Crawley-Boevey [6] and Ringel
[18], for the weighted projective lines by Meltzer [16] and for Cohen-Macaulay mod-
ules over the one dimensional graded Gorenstein rings with a simple singularity by
the author [1]. For example, the transitivity of the braid group action was shown
for many cases. But their concrete description of the exceptional sequences does
not seem to be studied yet even for the path algebras of Dynkin quivers.
In this paper, we give a combinatorial description of the exceptional sequences
in the derived category of the path algebra Λ of type An. Let us introduce the
notation which is necessary to state our results. Let ǫ = (E1, E2, · · · , En) and ǫ
′ =
(E′1, E
′
2, · · · , E
′
n) be complete exceptional sequences in D
b(modΛ) (see 2.1 for the
definition), we write ǫ ∼ ǫ′ if there exists a permutation σ and integers l1, l2, · · · , ln
such that Ei ∼= Σ
liE′σ(i) for every i. Here, Σ is a shift functor in D
b(modΛ). We
denote by E the set of complete exceptional sequences in Db(modΛ), and we put
E = E/ ∼.
Theorem 1.1. There exists a bijection between E and the set of non-crossing span-
ning trees on the circle with (n+ 1)-points (defined in 2.3).
We will explicitly give the bijection in terms of the Auslander-Reiten quivers.
The proof of Theorem 1.1 depends on a traditional technique for combinatorics
on Auslander-Reiten quivers introduced by Gabriel [9] and extensively studied by
Riedtmann [19] and Wiedemann [21] for classification of the representation-finite
selfinjective algebras and Gorenstein orders. Recently, this kind of combinatorics
appeared also in cluster tilting theory by Caldero-Chapoton-Schiffler [5] and Iyama
[15].
2000 Mathematics Subject Classification. 16G70, 05C05.
Key words and phrases. exceptional sequence, Dynkin quiver, Auslander-Reiten quiver, non-
crossing spanning tree.
1
2It is known the number of non-crossing spanning trees with (n + 1)-points by
Dulucq and Penaud [7] (see also [8]). Therefore we get following.
Corollary 1.2. The cardinality of E is equal to
1
2n+ 1
(
3n
n
)
.
On the other hand, Seidel [20] determines that the number of exceptional se-
quences (in modΛ) is equal to (n + 1)n−1 by induction on n, but a concrete de-
scription of the exceptional sequences is not given there.
Also we will show in Section 5 that there is a nice interpretation of mutation of
exceptional sequences in terms of non-crossing spanning trees.
2. Preliminaries
Let Λ be the path algebra of a Dynkin quiver of type An over a field k. We denote
by modΛ the category of finitely generated right Λ-modules and by Db(modΛ) the
bounded derived category. We write Σ the shift functor of Db(modΛ).
Definition 2.1. An object E ∈ Db(modΛ) is called exceptional if Hom (E,E) ∼= k
and Hom (ΣlE,E) = 0 for all integers l 6= 0. A pair (E,F ) of exceptional objects
is called an exceptional pair if Hom (ΣlF,E) = 0 for all integers l. A sequence
ǫ = (E1, E2, · · · , Er) of exceptional objects is called an exceptional sequence of
length r if (Ei, Ej) is an exceptional pair for each i < j. An exceptional sequence ǫ
is called complete if the length of ǫ is equal to the number n of simple Λ-modules.
The derived category has the following properties.
Remark 2.2. 1. The derived category Db(modΛ) is independent of the choice of
orientation of An [12].
2. In general, exceptional objects are indecomposable. If Λ is the path algebra of
a Dynkin quiver, the converse also holds. Thus, in our situation that Λ is the
path algebra of An, an object is exceptional if and only if it is indecomposable.
3. For any indecomposable object X ∈ Db(modΛ), there exists a unique integer l
and a unique indecomposable Λ-module Y such that X ∼= ΣlY [12].
4. Let (E1, E2, · · · , En) be an exceptional sequence, then so is (Σ
l1E1,Σ
l2E2, · · · ,
ΣlnEn) for any integers l1, l2, · · · , ln.
5. Since gl dimΛ ≤ 1, we see that E ∈ modΛ is exceptional if Hom (E,E) ∼= k and
Ext1Λ(E,E) = 0. Furthermore, for exceptional modules E and F , we can see
that (E,F ) is an exceptional pair if Hom (F,E) = Ext1Λ(F,E) = 0.
By Remark 2.2.1, we only have to consider the case when the orientation is
1
• ←
2
• ← · · · ←
n
•.
For any (E1, E2, · · · , En) ∈ E , by Remark 2.2.3 and 4, we may assume that all Ei
are finitely generated Λ-modules.
Let Γ = (Γ0,Γ1) be the Auslander-Reiten quiver (c.f. [3], [2]) of modΛ. We
identify the set Γ0 of vertices in Γ with the isomorphism classes of indecomposable
Λ-modules. For each integers 0 ≤ i < j ≤ n, we write Xi,j the indecomposable
Λ-module whose representation is given by (
1
0 ← · · · ←
i
0 ←
i+1
k ← · · · ←
j
k ←
j+1
0 ← · · · ←
n
0). Then it is known that Γ0 = {Xi,j | 0 ≤ i < j ≤ n} and Γ is the
following form:
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Now we consider the circle with n+1 points labeled 0, 1, 2, · · · , n counter clock-
wise on it. We write c(i, j)(= c(j, i)) the chord between the points i and j. We
denote by Cn+1 the set of chords on the circle.
•• •
•
•
•
01
2
i
j
n
c(i, j)
Since Γ0 = {Xi,j |0 ≤ i < j ≤ n} and Cn+1 = {c(i, j)|0 ≤ i < j ≤ n}, there is a
bijection
Φ : Γ0 → Cn+1 (Xi,j 7→ c(i, j)).
Definition 2.3. A set T consisting of n chords in Cn+1 is called a non-crossing
spanning tree if the chords in T form a tree.
We remark that each vertex is then contained in at least one chord.
Here we give some examples of non-crossing spanning tree and not non-crossing
spanning trees on the circle with 6 points.
Example 2.4. The first figure is a non-crossing spanning tree, but last two figures
are not non-crossing spanning trees because they have a cycle.
•
•
•
•
•
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•
•
•
•
•
•
•
•
•
•
•
Now we can state Theorem 1.1 in the following more explicit form.
4Theorem 2.5. A bijection from E to the set of non-crossing spanning trees on the
circle with (n+ 1)-points is given by
ǫ = (E1, E2, · · · , En) 7→ Φ(ǫ) := {Φ(Ei) | 1 ≤ i ≤ n}.
We shall give a proof of Theorem 2.5 in the next section.
3. Proof of Theorem 2.5
For X ∈ Γ0, we consider the following four subsets of Γ0.
H0+(X) = {Y ∈ Γ0| Hom(X,Y ) 6= 0},
H0−(X) = {Y ∈ Γ0| Hom(Y,X) 6= 0},
H1+(X) = {Y ∈ Γ0| Ext
1
Λ(X,Y ) 6= 0},
H1−(X) = {Y ∈ Γ0| Ext
1
Λ(Y,X) 6= 0},
and we put H±(X) = H
0
±(X) ∪ H
1
±(X). The following lemma is obtained by [13,
Lemma 8.1] and by the Auslander-Reiten duality ([3], [2]).
Lemma 3.1. For X = Xi,j, the above four sets are given by the following forms
in Γ.
H0+(Xi,j) = {Xs,t| i ≤ s ≤ j − 1, j ≤ t ≤ n},
H0−(Xi,j) = {Xs,t| 0 ≤ s ≤ i, i+ 1 ≤ t ≤ j},
H1+(Xi,j) = {Xs,t| 0 ≤ s ≤ i− 1, i ≤ t ≤ j − 1},
H1−(Xi,j) = {Xs,t| i+ 1 ≤ s ≤ j, j + 1 ≤ t ≤ n}.
In particular, we can draw the areas H0±(Xi,j) and H
1
±(Xi,j) in Γ.
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For the points i and j on the circle, we can consider the distance d(i, j) from i
to j obtained by a map d : {0, 1, · · · , n} × {0, 1, · · · , n} → N which is given by
d(i, j) =
{
j − i (j ≥ i)
j + n+ 1− i (j < i).
We can easily check the following lemma by the definition of exceptional pair
and by Lemma 3.1. It is a key to prove Theorem 2.5.
Lemma 3.2. Let X = Xi,j , X
′ = Xi′,j′ ∈ Γ0.
1. Both (X,X ′) and (X ′, X) are exceptional pairs if and only if Φ(X) does not
meet Φ(X ′).
2. Neither (X,X ′) nor (X ′, X) is an exceptional pair if and only if Φ(X) meets
Φ(X ′) in the interior of the circle.
53. (X,X ′) is an exceptional pair but (X ′, X) is not an exceptional pair if and only
if one of the following conditions holds:
(i) i = i′ and d(i, j) < d(i′, j′),
(ii) i = j′ and d(i, j) < d(j′, i′),
(iii) j = i′ and d(j, i) < d(i′, j′),
(iv) j = j′ and d(j, i) < d(j′, i′).
Now we can prove Theorem 2.5.
Proof of Theorem 2.5. Let ǫ = (E1, E2, · · · , En) be a complete exceptional sequence.
It comes from Definition 2.1 and Lemma 3.2, one can easily check that Φ(ǫ) =
{Φ(E1),Φ(E2), · · ·Φ(En)} does not have cycles. Therefore Φ(ǫ) is a non-crossing
spanning tree.
Let T = {c1, c2, · · · , cn} be a non-crossing spanning tree. Since ci does not meet
cj in the interior of the circle, either (Φ
−1(ci),Φ
−1(cj)) or (Φ
−1(cj),Φ
−1(ci)) is
an exceptional pair for all i 6= j. We remark that there exists ci1 ∈ T such that
(Φ−1(ci1),Φ
−1(c)) is an exceptional pair for all c ∈ T \{ci1}. Indeed, if such ci1 does
not exist, then T must have a cycle. We put E1 = Φ
−1(ci1 ). We choose cij such that
(Φ−1(cij ),Φ
−1(c)) is an exceptional pair for all c ∈ T \{ci1 , ci2 , · · · , cij} inductively
and put Ej = Φ
−1(cij ). Then (E1, E2, · · · , En) is a complete exceptional sequence.

Example 3.3. If n = 3, the following quiver is the Auslander-Reiten quiver of
modΛ.
X0,1
X0,2
X0,3
X1,2
X1,3
X2,3
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In this case, there are 16 complete exceptional sequences and 12 non-crossing
spanning trees. The following are the complete exceptional sequences and the
corresponding non-crossing spanning trees.
•
•
•
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•
•
•
•
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2
3
•
•
•
•
0
1
2
3
•
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•
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2
3
(X0,1, X0,2, X0,3) (X1,2, X1,3, X0,1) (X2,3, X0,2, X1,2) (X0,3, X1,3, X2,3)
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•
•
•
0
1
2
3
•
•
•
•
0
1
2
3
•
•
•
•
0
1
2
3
•
•
•
•
0
1
2
3
(X0,3, X2,3, X1,2) (X0,1, X0,3, X2,3) (X1,2, X0,1, X0,3) (X2,3, X1,2, X0,1)
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•
•
•
0
1
2
3
•
•
•
•
0
1
2
3
•
•
•
•
0
1
2
3
•
•
•
•
0
1
2
3
(X0,3, X1,2, X1,3) (X2,3, X0,1, X0,2) (X1,3, X2,3, X0,1) (X0,2, X0,3, X1,2)
(X1,2, X0,3, X1,3) (X0,1, X2,3, X0,2) (X1,3, X0,1, X2,3) (X0,2, X1,2, X0,3)
We remark that the figures in the first column are same up to rotation. Thus,
we can see that there are 4 figures up to rotation. In the next section, we consider
the rotation of non-crossing spanning trees.
4. Action of the cyclic group
Let Z/(n+ 1)Z = 〈σ〉 be the cyclic group of order n+ 1. The group Z/(n+ 1)Z
acts on Cn+1 by
σ(c(i, j)) =
{
c(i − 1, j − 1) (i 6= 0),
c(j − 1, n) (i = 0).
•
•
•
•
i
j
i− 1
j − 1
c(i, j)
σ(c(i, j))
The group Z/(n+ 1)Z also acts on Γ0 via Φ and its action is given by
σ(Xi,j) =
{
Xi−1,j−1 (i 6= 0)
Xj−1,n (i = 0)
for Xi,j ∈ Γ0
Thus, we see
σ(X) =
{
τX if X is not projective,
νX if X is projective,
where ν is the Nakayama functor.
We set σ(ǫ) = (σ(E1), σ(E2), · · ·σ(En)) for ǫ = (E1, E2, · · · , En) ∈ E . In general,
we must check that σ(ǫ) is a complete exceptional sequence by using the Auslander-
Reiten duality. But this is immediate from Theorem 2.5 since Φ(σ(ǫ)) is clearly a
non-crossing spanning tree.
Example 4.1. If n = 4, there are 11 non-crossing spanning trees up to rotation.
For each figures, it has 5 distinct rotations. Thus, there are 55 non-crossing span-
ning trees and 125 exceptional sequences.
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4
(X0,1, X0,2, X0,3, X0,4)
(X0,1, X0,2, X3,4, X0,3)
(X0,1, X3,4, X0,2, X0,3)
(X3,4, X0,1, X0,2, X0,3)
(X0,2, X1,2, X0,3, X0,4)
(X0,2, X0,3, X1,2, X0,4)
(X0,2, X0,3, X0,4, X1,2)
(X0,2, X1,2, X3,4, X0,3)
(X0,2, X3,4, X1,2, X0,3)
(X0,2, X3,4, X0,3, X1,2)
(X3,4, X0,2, X1,2, X0,3)
(X3,4, X0,2, X0,3, X1,2)
•
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0
1
2 3
4
•
• •
• •
0
1
2 3
4
•
• •
• •
0
1
2 3
4
•
• •
• •
0
1
2 3
4
(X1,4, X0,1, X3,4, X2,3)
(X1,4, X3,4, X0,1, X2,3)
(X1,4, X3,4, X2,3, X0,1)
(X0,4, X1,2, X2,3, X1,4)
(X1,2, X0,4, X2,3, X1,4)
(X1,2, X2,3, X0,4, X1,4)
(X1,2, X1,4, X0,1, X3,4)
(X1,2, X1,4, X3,4, X0,1)
(X0,4, X1,2, X1,4, X3,4)
(X1,2, X0,4, X1,4, X3,4)
•
• •
• •
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1
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4
•
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• •
0
1
2 3
4
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• •
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0
1
2 3
4
(X2,3, X1,2, X1,4, X0,1) (X0,4, X1,4, X3,4, X2,3) (X1,2, X0,1, X0,4, X3,4)
5. Mutation of exceptional sequences
Let (E,F ) be an exceptional pair (in Db(modΛ)). The left mutation LEF of F
by E is given by a distinguished triangle⊕
l∈Z
Hom(ΣlE,F )⊗k Σ
lE
can
→ F → LEF,
where can denote the canonical morphism. Dually, the right mutation RFE of E
by F is given by a distinguished triangle
RFE → E
can
→
⊕
l∈Z
DHom(E,ΣlF )⊗k Σ
lF,
where D is the k-dual functor Hom k(−, k).
We denote by Bn = 〈σ1, σ2, · · · , σn−1 | σiσj = σjσi (j − i ≥ 2), σiσi+1σi =
σi+1σiσi+1 (i = 1, 2, · · ·n−2)〉 the braid group on n-strings and by Z
n =
⊕n
i=1 eiZ
a free abelian group of rank n. It is known that G := Bn ⋉ Z
n acts on E by
σi(ǫ) = (E1, E2, · · · , Ei−1,LEiEi+1, Ei, Ei+2, · · ·En),
ei(ǫ) = (E1, E2, · · · , Ei−1,ΣEi, Ei+1, · · ·En).
Crawley-Boevey [6] showed that this action is transitive, namely, for any ǫ, ǫ′ ∈ E ,
there exists ρ ∈ G such that ǫ = ρǫ′.
In this section, we consider a mutation of chords which corresponds to exceptional
pairs.
8We extend Φ : Γ0 = {indecomposable Λ-modules} → Cn+1 to Φ :
{indecomposable objects in Db(modΛ)} → Cn+1 by Φ(ΣX) = Φ(X). By defi-
nition we have LΣiEΣ
jF ∼= ΣjLEF and RΣjFΣ
iE ∼= ΣiRFE. Thus we obtain
Φ(LΣiEΣ
jF ) = Φ(LEF ) and Φ(RΣjFΣ
iE) = Φ(RFE).
The following lemma is straightforward.
Lemma 5.1. The following conditions are equivalent for an exceptional pair (E,F ):
1. LEF ∼= F ;
2. RFE ∼= E;
3. (F,E) is an exceptional pair;
4.
⊕
l∈ZHom(Σ
lE,F ) = 0;
5. Φ(E) does not meet Φ(F ).
From now on, we assume that (E,F ) is an exceptional pair but (F,E) is not an
exceptional pair. Note that Φ(E) meets Φ(F ) at some point i by Lemma 3.2 (3).
Lemma 5.2. Let (E,F ) be an exceptional pair with Φ(E) = c(i, j) and Φ(F ) =
c(i, l). Then Φ(LEF ) = Φ(RFE) = c(j, l).
•
• •
l
i jΦ(E)
Φ(F ) Φ(LEF ) = Φ(RFE)
Proof. There exist indecomposable Λ-modules X and Y , and integers a and b such
that E ∼= ΣaX and F ∼= ΣbY . Since Hom(ΣlE,F ) ∼= Hom(ΣlΣaX,ΣbY ) ∼=
Hom(Σl+a−bX,Y ) and
Hom (Σl+a−bX,Y ) ∼=


Hom(X,Y ) (l + a− b = 0),
Ext1Λ(X,Y ) (l + a− b = −1),
0 otherwise,
we can check that
∑
l∈Z dimk Hom(Σ
lE,F ) ≤ 1 by [13, Lemma 8.1] and by the
Auslander-Reiten duality. The assumption implies
∑
l∈Z dimk Hom(Σ
lE,F ) = 1.
We may assume that Hom (E,F ) ∼= k and that f is a generator of Hom (E,F ).
Then, LEF and RFE are given by the following triangles:
E
f
→ F → LEF,
RFE → E
f
→ F.
Therefore we get RFE ∼= Σ
−1LEF and Φ(RFE) = Φ(LEF ).
To see Φ(LEF )(= Φ(RFE)) = c(j, l), we assume E and F are Λ-modules.
Note that if i < l < j, l < j < i or j < i < l, then (E,F ) is not an exceptional
pair by Lemma 3.2.
9Case 1. We assume i < j < l. Then we have E = Xi,j and F = Xi,l. In this case,
the generator of Hom (E,F ) is a monomorphism and LEF is obtained by a short
exact sequence 0→ E → F → LEF → 0. Therefore we have LEF = Xj,l.
Case 2. We assume j < l < i. Then we have E = Xj,i and F = Xl,i. In this case,
the generator of Hom (E,F ) is an epimorphism and RFE is obtained by a short
exact sequence 0→RFE → E → F → 0. Therefore we have RFE = Xj,l.
Case 3. We assume l < i < j. Then we have E = Xi,j and F = Xl,i. In this case,
Ext1Λ(E,F )
∼= k and LFE is obtained by a short exact sequence 0→ F → LFE →
E → 0. Therefore we have LEF = Xl,j .
Thus we have Φ(LEF ) = Φ(RFE) = c(j, l).

Now we give a definition of mutation of chords which corresponds to exceptional
pairs.
Definition 5.3. For c, c′ ∈ Cn+1, we define the left mutation Lcc
′ of c′ by c and
the right mutation Rc′c of c by c
′ as follows:
1. If c does not meet c′, then we define Lcc
′ = c′ and Rc′c = c.
2. If c = c(i, j) and c′ = c(i, l), then we define Lcc
′ = Rc′c = c(j, l).
We can check the following Theorem by using Lemma 5.1 and Lemma 5.2.
Theorem 5.4. For an exceptional pair (E,F ), we have Φ(LEF ) = LΦ(E)Φ(F )
and Φ(RFE) = RΦ(F )Φ(E).
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